Variant of the Clauser-Horne-Shimony-Holt inequality 
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We construct a Bell inequality from the Clauser-Horne-Shimony-Holt inequality for two qubits 
that provides a stronger bound on the correlations of entangled states than allowed by the CHSH 
inequality. The argument involved here can be generalized to n qubits. The inequalities obtained 
are violated by all the generalized Greenberger-Horne-Zeilinger states of multiqubits. 
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Originally, Bell's inequality [ij was designed to rule out 
various kinds of local hidden variable theories based on 
Einstein, Podolsky, and Rosen's (EPR's) notion of local 
realism p)]. Bell inequalities now serve a dual purpose. 
On one hand these inequalities provide a test to distin- 
guish entangled from non-entangled quantum states. In- 
deed, experimenters routinely use violations of Bell in- 
equalities to check whether they have succeeded in pro- 
ducing entangled states Q. On the other hand, viola- 
tions of the inequalities are applied to realizing certain 
tasks by quantum information, such as building quantum 
protocols to decrease communication complexity [3| and 
making secure quantum communication 5]. Derivations 
of new and stronger Bell-type inequalities are thus one of 
the most important and challenging subject in quantum 
theory. 

There are extensive earlier works on Bell inequalities 
0, including Clauser-Horne-Shimony-Holt (CHSH) in- 
equality for bipartite systems [Tj and Mermin-Roy-Singh- 
Ardehali-Belinskii-Klyshko (MK) inequalities for multi- 
particle systems \^ . We refer to [9] and references therein 
for more details. In this article, we construct a Bell in- 
equality from the Clauser-Horne-Shimony-Holt (CHSH) 
inequality for two qubits that provides a stronger bound 
on the correlations of entangled states than allowed by 
the CHSH inequality. Thus, a sharper experimental cri- 
terium is obtained for the distinction between entangled 
and non-entangled states. The argument involved can be 
generalized to n qubits. The inequalities obtained can 
be used to detect all the generalized Greenberger-Horne- 
Zeilinger (GHZ) states of multiqubits. 

Let us consider a system of two qubits labelled by 1 and 
2. Let A, A' denote spin observables on the first qubit. 



and B,B' on the second. For A^'^ 
• (72, we write 



z(') • (Ti and 



{A, A') = (a, a'), A x A' = {a x a') 



0-1, 



and similarly, (B, B') and B x B' . Here ai and (J2 are the 
Pauli matrices for qubits 1 and 2, respectively; the norms 



of real vectors a^'\b^'^ are equal to 1. If A, A' {B,B') 
are orthogonal, denoted by A _L A', then A" — Ax A' 
[B" = B X B') is a spin observable. 

We write AB, etc., as shorthand for A ® B and 
{AB)g TvqA ® B; (AB)^ = (-01 AS 1-0) for the ex- 
pectations of AB in the mixed state g or pure state ip. 
Then, the CHSH inequality holds: 



\{AB + AB' + A'B-A'B')g\ < 2, 



(1) 
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for all such observables and all non-entangled states, i.e., 
states of the form g — gi® Q2, or convex mixtures of such 
states. The maximal violation of the Eq.([T|) for entangled 
states is 2V2, which is attained only by Bell states 

l'/'^> = ^(ITT)±IU)),l^^) = ^(in)±UT)) 

and the states obtained from them by local unitary trans- 
formations i.e., the states of form UiU2\4>^), where 
Ui , U2 are unitary transformations on qubit 1 and qubit 
2 respectively. 

We present a variant of the CHSH as follows: For all 
orthogonal spin observables A, A' on the first qubit with 
A" = Ax A' and B,B' on the second with B" = BxB', 

I {AB + AB' + A'B - A'B' + 2A" B") ^ | < 2, (2) 

for all non-entangled states g, and 

\{AB + AB' + A'B-A'B' + 2A"B")g\ < 2(1 + ^2), (3) 

for all entangled states g, respectively. 

Moreover, every entangled pure state ■0 can violate 
Eq.(2), i.e., there are orthogonal spin observables A, A' 
on the first qubit and orthogonal B,B' on the second 
such that 

{AB + AB' + A'B - A'B' + 2A"B")^ > 2. (4) 

Thus, Gisin's theorem [ij] for the CHSH inequality 
Eq.dll) holds for Eq.^ too. 

The equality in Eq.(l3]) is attained only by the Bell 
states and the states obtained from them by local uni- 
tary transformations. Then, the maximal violation of 



2 



the Eq.(l2]) for entangled states is 2(1 + \/2), which is a 
stronger bound on the correlations of entangled states 
than 2V^ allowed by the CHSH inequality Eq.((T|). 

To prove Eqs.ld]),© and we note first that these 
inequalities are all invariant under local unitary transfor- 
mations, and then we can assume that A — a]., A' — ay 
and so A" = a],, as well as i? = ^^^iB' = and so 
B" =al.We have 

= ^/2(|^+)(^+|-|^p-)(^-|), 

where \ip^) = (|00) ± e^'^/^lll)) with cr^|0) = |0) and 
cr^|l) = Since 

S| = 1 + alal 
Eqs.^ and ^ are equivalent to 

(S2 + Bj) < 2 (6) 

and 

{B2 +Bl) <2 + V2, (7) 

respectively. It is concluded from Eq.([5]) that \\B2\\ < \/2 
and hence Eq.© holds. It remains to prove Eq.®. 

To this end, we note that ^2 + ^1 = >/2(e*'^/4|ll)(00| + 
g-i7r/4|oo)(ll|) + 2(|00)(00| + Then, for every 

product state \tp) = |V'i)|''/'2) of 2 qubits, one has 

{B2 + Bl)^ = \/2(e"/4/3i/32ata2 + e"^l^axa2mi) 
+ 2(|aia2p + |/3i/32n 
< y2(|aia2| + |/3i/32|)' 
+ (2-\/2)(|aia2|' + |/3i/32|'), 

where — (^AjlO) and /3j = (V'jil), 3 = 1,2. Using 
max(a;sin(/i + j/cos0) = i/a^+y^, we get (|aia2| + 
|/?i/32|)^ < 1- This concludes Eq.®. 

By the Schmidt decomposition theorem, every pure 
state IV') of two qubits is of the form 

= cos 6*100) +6*''/^ sin 6l| 11) 

for < < 7r/4, under a local unitary transformation. 
Then, jV') is entangled if and only if > 0. It is easy to 
check that 

(V^(^) 1^2+^2 1^(0)) =\/2sin20 + 2. 

Consequently, 

= \/2sin2e' + 2 > 2 



whenever > 0. This shows that the inequality (|4]) holds. 

The extension of the argument involved above for n- 
qubits is straightforward. Note that the MK Bell opera- 
tors Bn of n qubits (n > 2) are defined recursively: 

= <) + <), (8) 

where B'^ denotes the same expression Bn but with all 
the Ox and <jy exchanged. The n-qubit inequalities for 
the extension of Eqs.([2l) and ([3]) are as follows: 

(6„ + ^a:a^+ + •••).< 2""^ -1, 

i<i i<j<k<l 

(9) 

for all non-entangled states g, and 

{Bn + J2'ylai+ + •••>. 

i<j i<j<k<l (10) 

< 2("~i)/2 -f 2"~^ — 1, 

for all entangled states g, respectively. 

Furthermore, the inequality Q can be violated by all 
the generalized Greenberger-Horne-Zeilinger states 

|*(6l)) = cos6'|0") -He*'^/Sin6»|l"), (11) 

with < e < 7r/4. The GHZ state [H is for 9 = 7r/4. 
Here, we adopt the notation |0") = |Q---0) and |1") — 
I1...1). 

The proofs of Eqs.QjUU]) and (HH) are similar to the 
case of two qubits. Indeed, since 

i<j i<j<k<l 

(e.g., see [l^), the inequalities ^ and pH]) are equivalent 
to 

{Bn + Bl) < 2"-i (12) 

and 

(S2+S^) < 2("-i)/2 + 2"-\ (13) 

respectively. Recall that the MK Bell operator Bn has 
the following spectral decomposition [l^: 

Bn = 2("-i)/2 (|GHZ+)(GHZ+| - |GHZ_)(GHZ_|) , 

(14) 

where |GHZ±) = ^ (|0") ± e"/''|l")) are the GHZ 

states fH]. Then, \\Bn\\ < 2("-i)/2 and so the inequality 
(fni holds true. 

To prove the inequality (fT2|) . note that by (|14p 

Bn = 2("-l)/2(g-i^/4|Qn^^-^«| g"/* 1 1") (0" | ) (15) 

and 

^2 =2"-i(|0")(0"|-h|l")(l"|). (16) 
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Then, for every product state = I'/'i) ■ • • IV'n) of n 
qubits, one has 

n n 

3 = 1 3 = 1 

n n 

+2"-i(nKp+ni/3.p) 

j=l 3 = 1 

n ^2 

<2("-)/^(nKi+n 1/5.1) 

j=l 3 = 1 

n 71 

+(2"-^-2("-^)/^)(nKi'+ni/3.i'), 

j=l 3 = 1 

where aj = {tpj\0) and f3j — j = 1, . . . ,n. Using 

max(a;sm(/) + ycosi/)) = y^x2~i~y2, we get (11^=1 lo^jl + 
nj=i < 1 for n> 2. This concludes that Eq. p^ 

holds for all product states. Since a separable state is 
a convex combination of product states, it is concluded 
that Eq. ^ holds for all separable quantum states of n > 
2 qubits. 

Moreover, from Eqs.([T5]) and p6|) it is concluded that 
for the generalized GHZ states |^'(6l)) of Eq. (fTT|) . 

{'i'ie)\Bn+Bl\^ie)) = 2("-i)/2sin26' + 2"-i. (17) 

Thus, all generalized GHZ entangled states violate Eq.® 
and, the bounds of Eqs.([9]) and (|T0|) are both tight. 

The inequalities presented here provide experimentally 
feasible means of testing whether quantum states are en- 
tangled and the violation of the inequality ([9]) is a suf- 
ficient condition for all the generalized GHZ entangled 



states. These conditions may be useful, since they are 
sum of expectations of local spin observables which re- 
cent experiments can perform. We would like to point 
out that although the inequalities ^ and are math- 
ematically equivalent, the inequality (jl2[) cannot be used 
to detect entangled states because the operator B^ can- 
not be measured locally. A different explanation for the 
inequality (jl2p was presented in fbi| and commented by 
[l5| . We will discuss that issue in another paper. 

A final remark concerns the relation between testing 
the entanglement of quantum states and testing quan- 
tum mechanics against local hidden varia ble ( LHV) theo- 
ries. As already demonstrated by Werner [l6[, testing for 
entanglement within quantum theory, and testing quan- 
tum mechanics against LHV theories are not equivalent. 
Indeed, as shown in [17|], the physical origins of EPR's 
local realism and quantum entanglement are different. 
The bound of inequality ([2]) for LHV is clearly 4 which 
is larger than the separability bound of quantum states, 
but smaller than 2(1 -f -\/2) and hence can also be used to 
testing quantum mechanics against LHV theories. Simi- 
lar results also hold for the inequality ([9]). 

In summary, we have presented a family of Bell- type in- 
equalities, which are constructed directly from the "stan- 
dard" Bell inequalities involving two dichotomic observ- 
ables per site. It is shown that the inequalities provide 
a stronger bound on the correlations of entangled states 
than allowed by the CHSH inequality and are violated by 
all the generalized GHZ entangled states of multiqubits. 
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